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1. INTRODUCTION 
In [S], the author proved the following: 
THEOREM A. If V is a (Green) potential in the unit disc in C, then 
lim inf (1 - r) sup V(re’@) = 0. 
r-rl- o<o<zn 
This result was generalized by S. J. Gardiner in [ 1 ] to potentials in the 
unit ball in R” as follows: 
THEOREM B. If V is a potential on the unit hall 1x1 < 1 in R", then the 
following hold: 
(1) Zfn>2andl<p<(n-l)/(n-2), then 
lim (1 -r)(“P’)(‘P”P)Mp(V, r)=O. 
r-l- 
(2) If n33 and(n-l)/(n-2)6p<(n-l)/(n-33, then 
lim inf (1 - r)(nP ‘I(’ l/p) M,( V, r) = 0. 
?+I- 
It was also shown by examples that these results are best possible. 
The purpose of this paper is to prove the analogue of Theorem B for 
Moebius invariant Green’s potentials on the unit ball in C”. In Section 2, 
we introduce the requisite notation and give the statement of the main 
result. In Section 3, we prove several technical lemmas which will be 
required in the proof of the main theorem given in Section 4. Finally, in 
Section 5, we provide several examples to show that the results are best 
possible. 
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2. NOTATKW AND STATEMENT OF THE THEOREM 
For n > 1, let C” denote n-dimensional complex space. For z, w E C”, 
(z, w) =z,w, + --I +z,w,, and /zl = (2, z)? 
Let B denote the unit ball (zEC”: IzI cl}, S= {zEC”: IzI = l}. For each 
UE B, let 4, denote the involutive automorphism of B given by 
where P,z is the orthogonal projection of z onto the subspace of Cn 
spanned by a, and Q,=Z- P,. Then do(a) =O, d,(O) = U, #a(b,(~))=~. 
By CA p. 261 
1 _ ,0&),2= (1 - la12)(1 - lzl’) 
I1 - (4 a>12 (2.1) 
Let M denote the group of holomorphic automorphism of B. Then any 
$ E M has a unique representation $ = f/. 4, for some n E B and U E U(n) 
the group of unitary transformations of C”. Each $ EM is continuous on 
B with $(S) = S (see [3]). 
The invariant Laplacian d” on B is defined by 
aI4 = W.b,)P) (f E C2)> 
where d = 4 zy= 1 (a’/az, 8Fi) is the ordinary Laplacian. It follows that 
j,k= 1 
The operator 2 is invariant under M, i.e., d(f. $) = (Jfl. II/ for all $ f M. 
An upper semicontinuous function U: B -+ [-co, co) is M-subharmonic 
or invariant subharmonic if far each a fz 8, 
u(a) G I s u(#u(rO) da(t), O<r< 1, 
where da is Lebesgue measure on S normalized so that a(S) = 1. For 
UE C’(E), the above is equivalent to &>,O. if equality holds in (2.2) then 
u is said to be M-harmonic on B. Also, u is M-superharmonic if --u is 
M-subharmonic. 
The M-invariant Green’s function on B is given by 
G(z, w) = g(d,(w)), 
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where 
g(z)=c, j,;, (l-~‘)~-l tp2”+‘dt (2.2) 
for an appropriate constant c,. For M-subharmonic functions u, the 
following analogue of the Riesz decomposition theorem was proved by 
Ullrich in [7]. 
THEOREM C. If u is M-subharmonic in B satisfying 
sup I lull do(t) < ~0, O<r<l s 
then 
u(z) = h(z) - jB G(z, w) &L(w), (2.3) 
where dp is a nonnegative measure on B satisfying 
s Cl- w12)” 44w)< ~0, (2.4) B 
and h is the least M-harmonic majorant of u. 
The measure dp is related to u (in the sense of distributions) by 
where d/z is Lebesgue measure on B. 
A nonnegative M-superharmonic function V, V & + co, is called an 
invariant potential on B if the greatest M-harmonic minorant of V is 0. 
BY (2.3) 
v(z) = jB G(z, ~)44w), (2.5) 
where p is a nonnegative Bore1 measure satisfying (2.4). Conversely, if p > 0 
is a Bore1 measure on B satisfying (2.4), then V given by (2.5) is an 
invariant potential on B. 
Finally, if V is nonnegative and measurable on B, for 0 < p < co, let 
1 
IlP 
M,( v, r) = js Vrf)” do(r) (0 < r < 1). 
We are now ready to state the main result of the paper. 
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THEOREM. Let V be an invariant potential on B, 
(1) Ifl<p<(2n-1)/2(n-l), then 
lim 
r+l- 
(1 - r2)nc’ - “JJ) M,( V, r) = 0. 
(2) Zfn>2and(2n-1)/2(n-l)<p<(2n-1)/(2n-3), then 
lim inf (1 - r2)n(1 ~ lip) M,( V, r) = 0. 
r-l-- 
In Section 5, we will give examples to show that these results are best 
possible. 
3. PRELIMINARY RESULTS 
Throughout this section we will assume that n > 1 and that 
1 < p < (2n - 1)/(2n - 3). We will use C(a, b, . ..) or C to denote a positive 
constant depending only on the constants a, b, . . . . not necessarily the same 
on any two occurrences. 
Fix 6, 0~6 < $. For aE B, let E(a, 6) = {w: lb,(w)1 <S} = q4JBd), where 
B, = (z: IzI <S}. Also, for 0 <r < 1, let 
E(r) = u E(rt, 6). 
Its 
The proof of the following lemma is an immediate consequence of the 
definition. 
LEMMA 1. Let g be as de$ned by (2.2). Then there exist positive 
constants C, and C, such that 
C,(1-Iz12)“dg(z)dC*(1-JZJ2)n (3.1) 
for all z E B with Jzj > 6, and 
qzl-2(“-‘) < g(z) 6 C,lzI -2(n-‘) 
for all ZE B, O< IzI ~6. 
LEMMA 2. Let E(a, 6) be as defined above. 
(1) Zfw$E(a,6), then 
la--l 241- (a, w)la6(1- lwl). 
(3.2) 
(3.3) 
409!143.‘2-13 
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(2) If wEE(a, 6), then 
IP,w-al < [26/(1-6*)](1- la/*), 
and 
(1- lal’)a+(l -S’)(l - lw/*). 
Proof: By (2.1), 
I4Aw)I’ I1 - (w a>l’= II - <w, a>l*- (I- la12N1 - lwl*) 
=~(w,a)J2-~a~*~~~*+)~--wW(* 
<la-WI*. 
(3.4) 
(3.5) 
Thus if w $ E(a, 6), I4Jw)l B 6 which proves (3.3). If w E E(a, 6), then again 
by (2.11, 
(l- lal’)(l- Iwl’)>(l-6*)11 -(a, w>l*>(l-6*)(1- [WI)*. 
Therefore, 
which proves (3.5). 
Suppose w E E(a, 6). By [3; p. 291, 
E(a, 6) = 
i 
z: IP2- C”?+ lQaz12 < 1 
d*p* I Pp ’ 
where c,= (1 -b2)a/(l -6* la12) and p= (1 - lal’)/(l --6*[a12). Therefore, 
IP,w-a( 6 IP,w-c,l+ Ic,-al <6p+62pla( 
G [B/(1 -S2)1(1 - Ial*), 
which proves (3.4). 
For 0 < r, p < 1, and 6 fixed as above, let 
Nf={t~S:pt~E(re,ii)}, 
where e = (1, 0, . . . . 0). Also, for c > 0, let 
Q~={seie:O<1-s<c(l-~2),~~~<c(l-r2)}, 
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and 
Q;= {td: r&2;). 
The following lemma is a slight variation of a simiiar result given in 
[7, p. 5151. 
LEMMA 3. There exists c = c(6), and r(6), such that N; c Qf for all p 
with pe E E(re, a), and all r > r(S). 
Proof: By (2.1), pt E E(re, 6) if and only if 
(1 -r*)(l -p*)>(l -@)I1 -rpt,l’. 
Since 1 -p*Jt,)*> 1 -p*, 
Nfc {tES:pt,eEE(re,6)}. 
Write t, = seie. We need to show that there exists a constant c, depending 
only on 6, such that if pt,eE E(re, 6), then t, ELI;. Since r- It,) < [r-ptlj, 
by (3.4) 
1 -s<(l -r)+ lr-pt,I 
< (1 -r’)+ [2S/(l -S*)](l -r*) 
=c,(d)(l -r*). 
Choose r(6) such that c,(6)(1 -r*) Q $ for all r > r(6). Since sin x 3 2.x/~ 
for 0 d x < 7~12, 
1 pse’* - r12 = (ps - r)* + 4rps sin2(8/2) 
b 4rps(8*/x2). 
By the above, for r sufficiently close to 1 (hence also p), s is bounded away 
from zero. Therefore 101 6 c,lpt, - rl, and thus by (3.4), 
181 d c3(8)(1 - r2). 
Take c=max(c,(6), ~~(8)). Then for all t E S such that pt,eE E(re, 6), 
t, EC&Y. 
LEMMA 4. If p is a measure on B satisfying (2.4), then 
lim (1 _ r2)d1 - I/P) 
r-l s 
M,(G( ., w), r) du(w) = 0. 
B\E(r) 
(3.6) 
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Proof. For WE B\E(r), I~,.,(w)l > 6 for all t E S. Thus by (3.1), 
g(d,,(w)) Q C(d)(l - 14,,(w)12)“. 
Hence 
js g(drt(w))“Wt)dC(l -r*Y (l- lwI*Y js 11 -r(w, t)l-2p”do(t), 
where C = C(n, p, 6). By [4, Proposition 21, 
s Il-r(w, t>~~2p”da(t)$C(n,p)(l-r2~w~2)~2pn+n, s 
Therefore, 
(1 -r2)“(1-1’p)Mp(G(., w), r)<C(n, p, 6)(1 - 1~1’)~ 
for all w E B\E(r). 
Let E > 0 be arbitrary and choose R E (0, 1) such that 
s (1-lW12)“d/gW)<&, A(R) 
where A(R) = { WEB: R-c IwI cl}. Such an R exists since (1- 1~1~)‘~ 
L’(p). Also, choose r. such that 
(I+‘) (l-S21 <--(l-R*) 
for all r > ro. Then by (3.5), E(r)cA(R) for all r> r,,. Hence for all 
14 G R 
G(%w)~C(n,R) ll-r(w, t)12n 
(l - IwJ 2)“(1 - r2)n < C(n, R)(l _ r2),l, 
Thus if r>ro, 
(1 - r2)u - I/P) 
I 
M,(G(., w), r) 44~) 
B\E(r) 
from which the result follows. 
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LEMMA 5. Let 1 < p < (2n - 1)/(2n - 3) and r > r(6). Then fur all 
WEE(r) 
(1 - r2)n(1 ~ 1/P) M,(G( ., w), r) 
I (2n-1)/2(n-l)<p<(2n-1)/(2n-3), (3.7) 
where /I=(2n-l)(l -l/p). 
Note. For (2n - 1)/2(n - 1) < p < (2n - 1)/(2n - 3), 1<p<2. 
Proof: Let w E E(r). Then for all U E U(n), U . w E E(r). Since [r is 
invariant under U(n), 
where p= JwI. For TV Ne, l#,,(pt)l ~6. Hence by (3.2), 
11 -rpt,12(n-1) 
=‘[I1 -rptl12-(I---*)(I -p2)]“-” 
where C = C(n, 6). Thus by Lemma 3, and the inequality 
I1 -rpt,l’dc(6)(1 -r’)(l -p*), 
s 
gt4rht))” Wt) 
NO , 
~C(1-r2)P(n-11)(1_p2)P(n--1) 
x y~[ll-r~f~j2-(l-r2)(1-~2)]-p~~-‘J~~(t). 5, (3.8) 
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Let I, denote the integral on the right in the above. By formula 1.4.5(2) 
in C31, 
I, = c, SI (1 -.Y2y2 RL I 
x [I1 -rpsP~2-(1 -r2)(1 -p2)]pn~%dsde 
<C (1 -sy-2 
x[(r-~)2+(1-~)(1-r)+~2/712]-P(“~1)d~ de. 1 
In the above, we have used the fact that 
[I1 -rpse’012-(1 -r2)(1 -p2)]-p(nP1) 
<[(r-~)2+(1-s)(l-r)+82/n2]-P’“-1). 
This inequality follows from the following: 
ll-rpsei0~2-(l-r2)(1-~2) 
= (r - p)’ + 2rp( 1 - s) - r2p2( 1 - s2) + 4rps sin’ i 
~(r-p)2+(1-s)2rp(l-rp)+4rps(82/n2). 
Without loss of generality we can assume that rp > i. Also, since r(6) is 
such that s is bounded away from zero, we can also assume that s 3 3. 
Therefore, 
from which the above inequality follows. 
We now proceed to estimate the integral with respect o s. We make the 
change of variable 
u = (1 - r)( 1 - s)/[(r - p)’ + e2/n2]. 
Thus, 
s 1 (1-s)np2 [(r-p)2+(1-r)(l-s)+e2/7r2]-P’“-1)ds 1-r(l-rq 
(l-r)P”+’ B(@.~,rf Un ~ 2 du 
= [(P-r)2+e*/~2](P~l)(n--1) I o t-1 +U]P(n-‘)’ 
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where B(0, p, r) = c( 1 - r)( 1 - r*)/[(p - r)* + B2/n2]. Since (p - r)2 < 
C(6)( 1 - r2)2 (by (3.4)), and 181 < c(1 -r*), 
B(e,p,r)~C(1-r)(‘-r2)> 
(1 -r*)* ’ 
C(d)>O. 
Therefore, 
s 
B(e,P>r) unp2 du 
i 
C(fN unp2 du B(0,P.r) 
0 [l +u]P(“-l)= o [l +u]P’“+l) + jc(,) 
Consequently, 
s 
c( 1 - 9) 
Z,<C(l -r*)-n+l [(P-r)*+e*/71*]-(P--I)(n--l)de, 
0 
To estimate this last integral, we make the change of variable B = 7c)p - rl u. 
Thus 
s c(I-2) de 0 ~(~-~)*+e2/~*1(p--l)(n--l) 
= I/, - ,.I --I+' joB'""' [I1 + U23--/2 &, 
where CI = 2(p - l)(n - 1) and B(p, r) = c( 1 - r*)/jp - rj. Since jp - rj d 
C(h)( 1 - r*), B(p, r) 3 C(6) 2 0. 
(i) Suppose l<p<(2n-1)/2(n-1).ThenO~cc~1,and 
s 
‘(“‘) [l + u2] -a’2 du < C(n, p, 6) + j”‘““’ upa du 
0 C(S) 
Hence, 
I,<C(l -r2)pn+’ [lp-rl’-a+(l -r2)lea] 
6 C(n, p, 6)(1 -r2)*-+@. 
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Therefore, by (3.8) and the above, 
(1 -r2)n(P-l) J, NO g(d,e(rt)Y Mt) 
~C(n,p,6)(1-p2)p”[(1-r2)/(1-~2)]p 
< C(n, p, 6)(1 - p2yn. (3.9) 
In the above we have used the fact that (1 - r2) < C(6)(1 -p2) which 
follows from (3.5) since re E E(pe, 6). 
(ii) Ifp=(2n-1)/2(n-l), then a=l. Since (l+~~)>~(l+u)~ for 
all 24 > 0, 
s 
Bhr) 
s 
Bhr) 
(1+u2)-“2du6c (1 + u)-’ du 
0 0 
= Cln[l +B(p, r)] < Cln[C(G)(l -r2)/lp-r(]. 
(3.10) 
Therefore, 
Z,<C(1-r2)p”+1 lnCC(~Nl - r2)llp - rl I, 
and by (3.8), 
(1 _ r2)n(P- ‘) 
i NP g(d,,WY da(t) 
d C(n, p, S;(l - p2Jp” ln[C(G)(l - r2)/lp - rl] 
6 C(n, p, 6)(1 - p2Y {ln[C(G)(l - r2)/lp - rl I}“. 
The last inequality follows since ln[C(G)( 1 - r2)/lp - rl] 2 C(6) > 0. 
(iii) If (2n-1)/2(n-l)<p<(2n-1)/(2n-3), then a>l. Thus 
s 
B(p,r) 
0 
[ 1 + u’] -d2 dz4 < jom [ 1 + u’] -r’2 du d C(n, p), 
and hence 
Let P = (2n - 1)( 1 - l/p). Then a - 1 = p(/? - 1 ), and by (3.8), 
(1 _ r2)“(P- 1) 
s NP d4,Jrt))P do(t) r 
<C(n, p, 6)(1 -p2)p” [(l -r2)/Ip-rl]P(Bp1). (3.11) 
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Finally, as in the proof of Lemma 4, 
Therefore, 
<C(l -$)“P+(l -r2)n(p--l) 
i, Np d4,&-w Wt)- 
Since log[C(G)(1-r2)/lp-r11BC(6)>0 and (l-r2)/lp-rj>C(6)>0, 
inequality (3.7) follows from the above and inequalities (3.9)-(3.11). 
4. PROOF OF THE THEOREM 
(i) ProofofPartl. Ifp=l,thentheresultthatM,(V,r)--+Oasr+l- 
follows from the fact that Vis a potential. 
Assume 1 < p < (2n - 1)/2(n - 1). Let ,D be the measure corresponding to 
the potential V. By Minkowski’s inequality, 
(4.1) 
Thus by Lemmas 4 and 5, 
(1 - r*)‘(’ - lb) M,( V, r) 
(4.2) 
Since (l-lw12)“~~1(~)rJE~r~(1-Iw~2)nd~(w)~Oasr+1-.Thus 
lim (l-r2)‘*~1~~‘~~)~p(V,~)=0, 
r+l- 
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(ii) Proof of part 2. For any interval Zc [0, 1) let A(Z)= 
(w E B: 1 WI E I>. Define the finite measure p’* on B by 
d/L*(w) = (1 - jW12)” f+(w). 
For each t E [0, I), we define the maximal function M(&*) by 
w&*)(f) = suP(~*(A(ZMZI: f E Z>, (4.3) 
where 111 denotes the Lebesque measure of I. Also, for each integer 
k = I, 2, . ..) let Zk= [I -2pk, I -2-k-‘) and Ak=A(Zk). Since /Z,( = 
2-k-‘, for any I E Zk, 
4lZ,l > (1 - r2) > Iz,l. 
As in Theorem 4.3(a) of [2, p. 251, for each ,I > 0, 
l{s~r,:M(~~*)(s)>l}l~~~*(A,). (4.4) 
Choosing I = 4p*(Ak)/lZkl guarantees the existence of rk E Z, such that 
M(&*)(r,) <+*(&)/lz,\ d 16( 1 - f$-’ p*(&). (4.5) 
Suppose (2n - 1 j/2@ - 1) < p < (2n - 1)/(2n - 3). Then as in (4.1), by 
Lemmas 4 and 5, 
(1 - ?)*(l~ I’p) M,( V, r) 
(4.6) 
where p = (2~ - 1 )( 1 - l/p). Thus 1 < ,!? < 2. 
Let rk -+ 1 - be a sequence as given by (4.5). Since \bIWIe(rke)\ <
I#,(rkt)l for all t E S, woe implies that Iw(eEE(r,e, 6). Thus by (3.4), 
there exists c = c(6) such that 
E(r,)r(w:IIwJ-r,l<c(l--r:)). 
Therefore, 
For each k, approximate [( 1 - r:)/lx - rkl 1” I by a monotone increasing 
sequence of step functions of the form 
where each aj is nonnegative and each interval Z, is symmetric about rk. 
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Thus 
j= 1 
d an, P, d)(l -r;, w&*f(r,). 
But by (4.5), M(dp*)(rk) d C( 1 - rz)-l p*(Ak). Therefore, 
Since p*(Ak) + 0 as k + co, by (4.6) and the above, 
lim 
k-m 
(1 - rk)n(l ~ ‘jp) M,( V, rk) = 0. 
Thus, for (2n - 1)/2(n - 1) < p < (2n - 1)/(2n - 3), 
lim inf (1 - r2)n(1 - 1/P) M,( V, r) = 0. 
r-l- 
If p = (2n - 1)/2(n - l), then by Lemmas 4 and 5, 
(1 -,2)“(‘-%Vp(V, r) 
As above, with the sequence rk satisfying (4.5), 
(1 - ri) 
C(d) , ,wI -rk, h*(w) 1 
< C(n, G)M(dp*)(r,) jf” -” ln[C(G)(l -r:)/x] dx 
G C(n, a)(1 - r:)M(dp*)(rk)< C(n, 6) p*(&), 
from which the result follows. 
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5. EXAMPLES 
In this section we give several examples to show that the results of the 
theorem are best possible. 
EXAMPLE 1. For each n > 2, there exists an invariant potential V such 
that 
M,( v, r) = + co 
for all r, 0 < r < 1, and all p 2 (2n - 1)/(2n - 3). 
We will prove the existence of such a V by associating an invariant 
potential to every Euclidean potential on B, and establishing an inequality 
between the two potentials. Let G’ denote the Euclidean Green’s function 
for B c R’“. Then for n > 1, 
GW, Y) = Ix-y1*-*“-(lylIx-y*l)*~*n (YZO) (XI*--n- 1 (y=Oh (5.1) 
where y* = y/l yl*. As for invariant potentials, there is a one-to-one corre- 
spondence between Euclidean potentials V and measures p on B which 
satisfy 
s (I-lYl)&(Y)<~. B 
If V is a Green potential given by 
f’(x) = s, ‘3x, Y) UP, 
define the invariant potential VU by 
v,(z)=jBG( z, w)(l- lWI*))n+’ dp(w). (5.2) 
Since the measure dv(w)=(l- lw12)-“+’ C+(W) satisfies (2.4), VP is an 
invariant potential on B. 
LEMMA 6. With V and V, as above, there exists a constant C > 0 so that 
V,(rt) 2 C( 1 - r2)n- i V(rt) (5.3) 
for all r, O<r< 1, and all tES. 
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Proof: Fix ZE S. If w~E(rt, 6), then by (3.2), G(rt, W) 2 
Clqb,,(w)l p2(n-‘). Since 
Irt-w[* 
I~~~(W)l’~ II_ (rt, w)12 
Irt-ww)’ 
‘(1 -r*)(l- 1~1~)’ 
G(rt, w)(l - IwI*)“+~&(w) 
>C(l-r*)“-’ 
I , E,r, 6) Irf - 4 -2n+2 44~) 
>C(l -r2)n-1 
5 
Ge(rt, w) dp(w). 
art, 6) 
(5.4) 
If w#E(rt, 6), then by (3.1) 
G(rt,w)~C(1-I~,,(w)12)“=C 
(1 -r2)n (1- Iw12)n 
I1-(rt, W)12n . 
By (3.3), 11 - (rt, w)I’<c(d)lrt-WI*. Therefore, 
G(rt,~)3C(l-r*)~(l-~w~*)~/lrf-w~~~. 
On the other hand, for any x, y E B with x = rt, I E S, 
G’(x, y)= Irt-y(2p2n Iry-tl*-*” 
X [Iry-t~*“~*-~rt-~y1*“-*] 
~~~~l~~~-~2~~~-lu12~l~~-~12~~~2~ \ 
Irf-y12np2 lry-t12n-2 
~~n-1)(1-r2)(1-I~12) 
\ lx--y12” . 
Therefore, 
s G(rt, w)(l -(WI*)-“+’ dp(w) a\orr, 6) 
2 C(n, 6)( 1 - r’)“- ’ J Ge(rt, w) L+(W). (5.5) 
B\E(rt, 6) 
Combining (5.4) and (5.5) gives the desired inequality. 
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Proof of Example 1. For n > 1, by Example 2 of [ 11, there exists a 
potential V on the ball B c R2” such that MJ V, r) = + cc for all r, 
0 < r < 1, and all p > (2n - 1 )/( 2n - 1). Let p be the measure corresponding 
to V, and let VP be the invariant potential defined by (5.2). Then by the 
lemma, 
from which the result follows. 
EXAMPLE 2. For each n > 2, there exists an invariant potential V such 
that 
lim sup (1 - r2)n(1 - l/p) M,( V, r) = + ~0 
r--l- 
for all p > (2~ - 1)/2(n - 1). 
Prooj Let pk be an increasing sequence converging to 1 with 
Cp (1 - ~2)~ < co. Deftne the measure p on B by 
where 6, denotes pointmass measure at a. Then Se (1 - 1~1~)~ tip(z) < ~0. 
Set 
Vz) = !*, G( z, w) 44~) = f G(z, pice). 
1 
Then V(z) is an invariant potential on B. Since V(z) > G(z, pke) for all k, 
M,( V, rY 2 s G(rt, pkeY’ h(t). 
s 
We now show that js G(rt, re)P do(t) = + cc for all p > (2n - 1)/2(n - 1). 
Thus for all such p, MJ V, pk) = + cc for all k = 1, 2, . . . 
Consider Js g(b,,(rt))” da(t). Let Szf and Qz be defined as in Section 3. 
For t E Qf, set tl = It,1 eie. Since t, Eaf, 
I~,,(rt)12=r2[~1-ttl~2+(1-r2)(1-~t1~2]/~1-r2t,~2 
~[(1-~t,~)2+~2+2(1-r2)(1-~ttl~)]/(l-r2)2 
d 4c. 
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Thus, if we take c = d2/4, I@,,(rt)l G 6 for all t E Qf. Hence by (3.2), 
> c I e’ Iqb,,(rt)l -2p(n- ‘) do(t) r 
2 C( 1 - qP(n ~ 1) ss nc (1-.?)+2 r 
x [(l -s)*+82+2(1 -r2)(1 -s)]-PC”-I’sdsde. 
Let Z, denote the above integral over Sz:. Since (1 - 3) < C( 1 - r2), 
(1-s)2+2(1-r2)(1-.s)+~~~C(1-r2)(1-s)+8~. 
Therefore, 
I, B c s ,‘p(l-li)c (1 +-‘ldi”‘l 
x [C(l -r’)(l -.ss)+19~]-~(~-~)d0ds. 
With the change of variable 8 = [( 1 - r2)( 1 - s)] ‘I2 U, 
s 
c(lprq 
[C(l -r2)(1 -s)+02]-p(n-‘)dtl 
0 
= (1 -r2)-~(n~l)+1/2 (1 -S)~P(“-l)+1/2 
X 
s 
B(s,r) 
[C+u]-p’“-l)du, 
0 
where B(s, r) = [c( 1 - r’)/( 1 -s)] ‘j2. Since (1 - s) < c( 1 - r’), B(s, r) 2 1 
and hence 
.r 
B(s, r) 
[C+u]-P(“-‘)du>C(n, p)>O. 
0 
Therefore, 
l [,BC(l -r2)-P(n--l)+u2 
s 
(1 -S)np2pP+-1)+1/2 & 
1 - c( I ~ 9) 
The above integral is finite if and only if (n - 2) - ~(n - 1) + $ > - 1 or if 
p < (2n - 1)/2(n - 1). Thus if p 2 (2n - 1)/2(n - l), I, = + co, which proves 
the result. 
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In our final example we show that the exponent n( 1 - l/p) of (1 - r2) is 
the best possible. 
EXAMPLE 3. Let E > 0 and p 2 1. Then there exists an invariant poten- 
tial V such that 
(l-r2)n(‘~“p)--cMp(V,r)j +cc (r -+ 1 - ). 
ProoJ: Let h(z) = P(z, e) = (1 - lz( “)“/I 1 -z, 1 2”. Since h(z) is M-har- 
monic on B, /z@(z) is M-superharmonic for all /I, 0 -C/J’ < 1. In fact, by [3, 
p. 50, (8)], d”h@ = -4n*b( 1 -B)@, which is less than zero for 0 </I < 1. 
We first show that ha is a potential on B for all /I, 0 <j < 1. By [3, 
p.511, for O<ff<l, 
J h”(rt) do(t) =J /zp”(rt) da(t). 
S s 
Also, by [3, Proposition 1.4.101, 
where in the above, A(r)- B(r) means that the ratio A(r)/B(r) has a finite 
limit as r-1. Therefore, for O<p<l, ~,hs(rt)da(t)+O as r-+l, and 
thus hB is an invariant potential on B. 
Our choice for V will be hB for an appropriately chosen /I. If jIp > i, then 
by the above 
I hBp(rt)da(t)-(1 -r*)‘(‘-@I. s 
Therefore, 
If we choose fl so that max { 4, 1 - e/n} < /I < 1, then 
(1 - r2)n(1 - ‘lp)be M,(@, r) + cx~ 
as r+ 1- since n(l-/I)-&CO. 
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Remark. As a consequence of Example 3, the reverse inequality of (5.3) 
cannot hold for n > 1. Suppose there exists a constant C so that 
V,(H) < C( 1 - r2)n- ’ V(H) 
for all t E S and all r sufficiently close to 1. Then for all p > 0, 
(1 -r2)(*n---1)(1 -‘/P’Mp(y r) 
>,(l-r*)n(l--‘p)-(n--I)lpMp(V~,r). (5.6) 
Given an invariant potential G,,, setting V(z) = G;, where L+(W) = 
(1- IWIz)n-’ dv(w), one obtains a Euclidean potential for which VP = G,. 
By Theorem B, for n > 1 and 1 < p < (2n - 1)/(2n - 3), the limit intimum of 
the left-hand side of (5.6) goes to zero as r -+ 1 - for every Euclidean 
potential V. This however contradicts Example 3. 
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